BHeBMmcaHHas
OKPY>XHOCTb

A.BJIMHKOB, 10.BJIMHKOB

HAI{HEM C ITPOCTOTO BOITPOCA, KOTOPBIN MOYKET BO3-
HUKHYTH YK€ Ha HAYAJbHOM JTalle M3y4YeHus reOMeTPHN.
[IycTb HA TITOCKOCTH 3a/IaHBI TPH TIPSIMblE, KOTOPBIE TIOTIAPHO
nepecekaiorca B toukax A, B u C (puc.1,a). Boupoc: cxoavko
cyuwecmsyem mouex, pasHoyOaieHHblx Om IMUX NPAMbLY?
MHorue IKOJIbHUKN JAI0OT HEeME/JIEHHBI OTBET: KOHEYHO
O[IHA, & UIMEHHO, IIEHTP OKPY’KHOCTHU, BIIMCAHHON B TPEYTOJbHUK
ABC. Kax gacTto 6p1BaeT
B NOJOGHBIX CJydasx,
3TOT OTBET HEBEPEH.
[lefictBuTenbHO, pac-
CMOTPUM, Halpumep,

6) 3 A

a) A GUCCEKTPUCHI BHELIHUX
yr10B B 1 C TpeyrobHi-
ka ABC (puc.1,6). Tax

B G Kak cymMMa yrJoB, oGpa-
30BaHHbIX MU CO CTOPO‘
noit BC, MeHblie, 4yeM

Puc. 1

180°, To aTH O6UCCeKTpuU-
CBI TIepeceKkyTcs B HekoTopoil Touke Q. Torga Touka Q paBHO-
ynasena ot npsMpix AB, AC u BC. AHajiorn4so, paccMarpuBast
JIpyTHe Mapbl BHEIIHUX YIJIOB TpeyrojbHuka ABC, 1oydnm ere
JIBE TOUKH, o6Jajaromme TpeGyeMbIM CBOICTBOM.

Takum 06pa3oM, TTOMUMO IIEHTPA OKPYKHOCTH, BIIMCAHHOI B
TpeyroibHuk ABC, cyliecTBYIOT, IO KpailHeil Mepe, ewe mpu
MouKY, PABHOYAAJCHHbIC OT 3a/[aHHBIX NPSAMbBIX. Kaxkjnas us
JTUX TOYEK SBJISIETCS IEHTPOM OKPYKHOCIU, KACAIOWEUCS CTNOPO-
Hbl MPeyzoavHUKd U NPoooaKenull 08yx opyzux cmopon. Taxkue
OKPY>KHOCTH Ha3bIBAIOT 6HEENUCAHHBIMU JIJIS1 JAHHOTO TPEyroJIb-
nuka ABC.

Yupaxxnenus

1. [lokakuTe, 4TO JPYrUX TOYEK, PaBHOY/AJEHHBIX OT HPsMbIX AB,
AC n BC, He cymectByer (T.e. IX POBHO YETBIPE).

2. Jlokaxkure, 4to Touka Q JexuT Ha Guccexrpuce yraa BAC (em.
puc.1,6).

3. Boruncaure yroa BQC, ecim ZBAC =a .

[TocMoTpuM, Kak MOTYT NPUMEHSTHCS U3JI0KEHHDbIE (DAKTDI.

3apaua 1. ITocmpoiime mpeyzorvnux ABC, 3uas nosoxenue
mpex mouex Ay, By u C;, a61s10uuxcsa yueHmpamu 6Heenucam-
HolX OKpYyxnocmeti mpeyzoavruuka ABC.

Pemenune. Ilyctp uckomblii TpeyroapHuk ABC 1OCTPOEH.
IenTtp Kaxk/0it ero BHEBIMMCAHHON OKPY’KHOCTH JIEKUT HA Tiepe-
CeYeHNN COOTBETCTBYIOMNX GUCCEKTPUC BHYTPEHHETO U BHEIITHE-
ro yraos. ITposeas ux, nomyunm toukn A;, By n C; (puc.2).

Tak xax 6GUCCEKTPUCH BEPTUKATBHBIX YTJIOB JIEXKAT HA OJHOI
npsiMoit, To BepiinHbl A, B u C UCKOMOTO TPEYroJbHUKA JIesKaT
Ha cropoHax tpeyrosabuuka A BC;. Kpome Ttoro, tak kax
OMCCEKTpUCA BHEIHETO yTJia TPEYTOJbHUKA MePIEeHANKYJISPHA
6ucceKTpUCce BHYTPEHHETO YTJia, IPOBE/IEHHOI 13 TOM e BepIIi-
uet, To A4/A L BiC,, BB L AC;, C,C L AB,.

Takum 06pas3oM, pelienye 3aJa4ll CBOJUTCS K MOCTPOEHUIO
tpeyrosabunka AB{C; u ero BbICOT.
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Vcnomb3yst pe3yabrar yi-
pPaKHEHUst 3, HETPY/HO [10-
KasaTb, 4TO 3ajada uUMeeT
pemenne (mpuuem euH-
CTBEHHOE) TOT/a U TOJBKO
TOTJa, KOTJa TPEYTOJIbHUK
AB,C{ — oCcTpOYTOJIbHBI.

Jro 1o3Bossier cpopmy-
JINPOBATh MOJIE3HBI (DaKT:
8epPULUNDL  OCTIPOY201bHOZ0
MPeY2osvHUKA  AGASAI0MC S
yeHmpamu 6HesNUCAHHBLY B,
oxpyxHocmeti ons ezo op-  MC 2
mompeyzoavhuxa (TpeyronbHUKa, 06PA30BAHHOTO OCHOBAHMS-
MU BBICOT).

T'eomerpuueckyie KOHMOUTYPAIIH, CBSA3AHIbIE C BHEBITHCAHHBI-
MU OKDY>KHOCTSIMH, OYEeHb COJEPIKATeJbHBI W BCTPEYAIOTCSI BO
MHOTHX 3ajJadaX. PaccMOTPIM OCHOBHBIE (DAKTbI, CBSI3aHHBIE C
TaKUMU KOH(UTYpalusIMU.

ITycTp BHeBHHCAHHAS OKPYXKHOCTb Kacaercsi cToponbl BC
tpeyrosabnnka ABC B Touke M, a npojoskennii cropon ABu AC
— B TouKkax P u T cooTBeTcTBeHHO. BrincanHas B aTOT TpeyroJib-
HUK OKPY>KHOCTb Kacaercsi ctopo BC, AB u AC B Toukax K, L
u N coorsercrento (puc.3). [o-
KasKeM CJIeIyIOlINe PAaBEeHCTBA:

1. BK =p — b, tie p — nosyme-
pumerp tpeyroabiuka ABC, b —
numna cropoubl AC;

2. AP = p;

3. BK = CM, 1.e. mouxku xaca-
HUSL GNUCAHHOU U B6HEENUCAHHOU
OKPYKHOCMEL CO CINOPOHOU Mpey-
20/I0HUKA CUMMEMPUUHDL OTNHOCU-
menvHO cepedunbl Mot CIMOPOHDYL.

[leificTBUTE/IBHO, U3 paBEHCTBa
OTPE3KOB KACATEIbHBIX, TPOBE/IEH-
HBIX K OKPY’KHOCTH M3 OJIHON TOY-
xu, noxyunm: AN = AL, BK = BL
n CN = CK. CymMa aTHX IIeCTH
OTPE3KOB COCTABJISIET MepuMeTp Tpeyrosbiunka ABC, 1moatomy
AN + BK + CN = p. Yuurbias, uto AN + CN = b, nosydyaem
paseHcTBO 1.

[Tpumensig oty ke TeopeMy 00 OTPE3KaxX KacaTeJbHbIX K J[PYTOi
okpyskHocTH, nosayunm: AP = AT, BM = BP u CM = CT. Torua
P,.=AB+AC+BC=AB+AC+BM + CM =AB +AC +
+ BP + CT = AP + AT = 2AP, oTKyIa CJefyeT PaBeHCTBO 2.

Takkak AT =p,tou CM =CT=AT —AC=p—b=BK. Takum
00pa3oM, JIOKA3aHO PABEHCTBO 3.

Puc. 3

Yupaxuenue 4. [lop3ysicb 0603HAYEHUSIMU PUCYHKA 3, JTOKAXKMNTE,
uto: a) PL = BC; 6) npsamas AM denum nepumemp mpeyzoavnura ABC
nONONAM.

Temepsb MOIyIUM COOTHOIIEHNUST, CBSI3BIBAIOIIIE PAOUYCHL BIIH-
CaHHOI M BHEBMMCaHHOI OKpyskHOCTEH. [[ns atoro (BpemenHO
yOpaB 0603HAYEHUS HEKOTOPBIX TOYEK) JOMOJHUM PUCYHOK 3,
OTMETHB HEHTPbI BIUCAHHONW UM BHEBIMCAHHON OKPY:KHOCTEH —
Toukr I M Q COOTBETCTBEHHO — M MPOBEsS paauychl [L = 7 u
QP = r, stux okpyxnocreii (puc.4). Torga mpAMOyTOIbHBIE
tpeyrombunku AIL u AQP nogo6ubr (tak Kak y HEX 00Ul

. IL AL Al
OCTPBIH yToJ1), MOITOMY @ T E . YuursiBasi, uro AL
=p—a (cm. pasencrso 1) w AP = p (cM. paBeHCTBO 2), IOJLyYnM,
41O rL = Ta . VI3 aTOr0 COOTHOIIIEHNUST, B YACTHOCTH, MOYKHO
HOJIy‘;lI/ITb ¢opmyJty, BBIpasKAIONIYIO IJOMIA/b TPEyroJbHUKA
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yepes pajiyC BHEBIMCAHHON OK-
pyxxHocTH. /leiicTBUTEIbHO, Tak
Kak Sygc = pr, 10 Supc =
= (p - a) Ta -

TeM caMbIM Mbl JIOKa3aJK erie
JIBa TI0JIE3HBIX PABEHCTBA:

4 L=2=2.
Th P

5. SABC = (p—d)ra .
Ynpaskuenue 5. [[okaxure, uto B

Mo60M TPEYIrOJIbHUKE BbIIIOJIHAIOTCA
paBeHCTBa:

Puc 4 a) razptg%, rjge O — yroa

TpeyroJibHuKa, HpOTI/IBO]Ie}KS.H_II/Iﬁ CTOpoHe da;

6) 1,1 1, = ! :L: ! ;

p—a p-b p-c
1 1 1 1
B) —=—+—+—;
ror, N T

r) S =, .

Eue onn nntepecHblit akT MOXKHO MOJYYUTD, PEIUB CJIe/Ly-
I0ILYI0 3a/1avy.

3anaua 2. IIpodonxenue Guccexmpucol yeaa A mpeyzonvHu-
xa ABC nepecexaem Onucannyio OKOJO0 HEZO0 OKPYKHOCMb &
mouxe M; I — yenmp oxpyxnocmu,
enucannoii 6 mpeyzoavrux ABC; Q
— uenmp 6HeSNUCAHHOU OKPYKHOC-
mu, xacaouwetics cmoponwvt BC. Jlo-
xaxume, yumo mouxu B, C, I u Q
JeKaAm HA OKPYKHOCIU C UYEHMPOM
M.

Pemenmne. I1o ycioBuio, [ — touka
nepeceuennst OUCCEKTPUC TPEYTOJIb-
nnka ABC, a Q — TouKa nepecevyeHust
OuccekTpuchl yria A u OUCCEKTPUC
BHEIIHUX YTJIOB IIPU BepiinHax B u
C (puc.5). Tak kak ZIBQ =
=/ZICQ =90°, 10 Toukm B u C
JIeKaT Ha OKPYXKHOCTH € JIMaMeTPOM
10.

IIyctp ZBAC =0 ; ZABC=8.
Yron BIM — Buemnuii ajus Tpe-

1
yrosibhuka AIB, snauntr, ZBIM = = ZIAB + ZIBA = 5(0( +B).

Puc. 5

Kpome Toro, ZIBM = ZIBC+ £ZMBC = %d + %B , TaK Kak

LMBC = ZMAC = %[3 (BHMCAHHBIE YTJIbI, OMUPAIOTIINECS Ha

OJTHY U TY K€ JIyTY OKPY>KHOCTH, OITMCAHHOI OKOJIO TPEYTOJIbHH-
ka ABC). Cnenosarenvbio, /BIM = /IBM , t.e. MI = MB.

Anasornyno mosyuum, yro M1 = MC, 3naunt, M — 1eHTp
OKPY>KHOCTH, OIUCAHHON OK0JI0 Tpeyrosbiuka BIC, a Touka Q
JIEKUT Ha 9TOH OKPY’KHOCTH, T.e. Touku B, C, I n Q mexar Ha
OKPY’KHOCTH C IIeHTpoM M.

Ormerum, 4to paBeHctBo MB = MC = MI, gapngiomieecs
CJIEJICTBUEM JIOKA3aHHOTO YTBEPXK/CHUS, HHOT/IA HA3bIBAIOT me-
OpemMoll 0 <«MPUSUCTRHUKE>.

[lasee PacCcMOTPUM HECKOJIBKO <«KJIACCHMYECKHX» 3ajla4, B
KOTOPBIX BHEBIMCAHHAS OKPY>KHOCTD BBICTYIIAET B POJIH «BCIIO-
MOTaTeJbHOI» .

3anmaua 3. [Tocmpoiime npsamyro, npoxodswyio uepes OaHHY0O
MOUKY U OMCEKaAnwyo om OAHHOZO Yeld MPeYzOJIbHUK C
3a0anHbIM NEPUMEMPOM.

Pemenne. Ilyctp na mockoctn panbl yron O u touka M.
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[Tpeanosoxum, 4To UCKOMas Hps-
Masg AB mocrpoeHa, T.e. TPeyroJib-
uuk AOB wMeeT 3aJaHHbBIN TIepU- A
Metp P. IlpoBeseM OKPY>KHOCTD,
Kacarolycs: CTOPOH JAaHHOTO yrJia
u orpeska AB (puc.6). ycrts K u L
— TOYKU KACAHUS ITOI OKPYKHOCTH () B I
co croponamu yria, torma OK =

1 Puc. 6
=0L = 5P (cM. paBeHCTBO 2).

TaxuM o6pasoM, pelleHHe 33Ja4l CBOAUTCS K MOCTPOEHUIO
BCIIOMOTATEIBHOTO paBHOGEAPEeHHOTO Tpeyrombanka KOL (cro-
pory KL KOTOPOrO MOYKHO HE TIPOBOJUTH) U OKPYKHOCTH,
Kacaioteiics cropon gannoro yria B roukax K u L. TTocsie atoro
4yepe3 TouKy M mpoBoauTCs KacaTeabHas AB K 9TOI OKPY»KHOCTH.

OTMeTUM, 9TO B 3aBUCHMOCTH OT PACTOJOXKEHUS TOUKU M
3a/1a4a MOYKET UMETD /[BA PENIEHsI, OJ[HO PeIleHne NN He UMETh
pelienuii.

3agaua 4. B mpeyzoavuuxe ABC ¢ yeaom B, pasnuvin 120°,
nposedenvt 6uccexmpucvt AAy, BBy u CCy. a) Jdoxaxume,
umo mpeyzonvrux ABC; — npamoyzorvnoul. 6) Haiidume yzon
B,C,C.

Pemenne. a) Ha mpogomxkennn croponst AB (3a Touky B)
orMeruM Touky D, Torna ZDBC = 60°, T.e. nydy BC — 6uccek-
tpuca yrina DBB; (puc.7). Tak xax AA; — Guccexrpuca yria

Puc. 7

BAC, 10 A; — 1eHTp OKpYXXHOCTH, Kacafomeiica BB;, BD n
ByC . Takasi OKPY’KHOCTb $IBJISICTCS BHEBIIMCAHHOW [ Tpe-
yrosibuuka ABB; , mostomy BjA; — 6uccekrpuca yraa BB,C .
Ananormyno, C; — IIEHTP BHEBIMCAHHOI OKPY)KHOCTH JUJISI
tpeyroapanka CBBy, moatromy B;C; — Ouccexrpuca yria
BB A . CrenoBarenpio, ZAB,C; =90° .

6) U3 nokasannoro cienyer, uto touka P nepeceuenuss CC;
n BjA; saBnasercs mnepeceueHHeM OHCCEKTPHC TPEYTOJbHHKA
BCB, . Cieznosare/bHo,

ZBPC =180° - (£PB,C + ZPCB) =

Z/BB,C + Z/BCB,

= 180° - =120°,

Tak xak £B{PC — BHeNIHUII IS TPSIMOYTOJBLHOTO TPEyTOJIbHNI-
xa PB,C,, o £B,C,C = £ZB/PC-90°=30°.

3anaua 5. Ha cmopone BC keadpama ABCD evibpana mouxa
M, a na cmopone CD — mouxa K max, umo yzon MAK paeen
45°. Joxaxume, umo paccmosinue om eepwunvl A 0o npsmotl
MK pasto cmopone xeadpama.

Pemenne. Ilyctp Touka P — ocHOBaHWE TEPHEHINKYJSPA,
orymeHHoro u3 Bepimnbl A Ha npsmyto MK (puc.8). Ipose-
geMm puaroHanb AC KBajgpara U PacCMOTPUM TPEYTOJIbHUK
CMK. Touka A nexur na 6uccekrpuce yria C aToro tpey-

1
ronpauka 1 ZMAK = 90° — §4C , cjejoBaTesibHO, A gBsier-

CsI TIEHTPOM BHEBITMCAHHON OKPY>KHOCTH TpeyroabHuka CMK
(cm. yupaxnenne 3). Torna AP = AB = AD (paauychbl a1oii
OKPY’KHOCTH).

OTMeTnM, YTO U3 JOKA3aHHOTO CJIeAYeT TaKKe, YTO TIEPUMETP
tpeyroabHnka CMK paBeH TOJIOBHHE IlepuMeTpa KBajpaTa.
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36 KBAHT -
Be—M ¢ 3aMeTHM TakiKe, YTO STy 3a/auy MOXKHO
P ~ ObLIO PEMIUTD U JAPYTUM CIIOCOO0M: pac-

cMoTpeB 06pa3 Tpeyrosbinka ADK pit
g TOBOPOTE C TEHTPOM A ma yroa 90
(nmpoTtus "acoBoit cTpeskn).

Ynpaxuenune 6. /loxakure o6paTHOoe yT-
Bepsk/leHue: ecan orpe3ok MK orcekaer OT
kBasipata ABCD tpeyrompnuk CMK, nepu-
MeTp KOTOPOrO PaBeH IOJIOBUHE II€PUMETPA
kBagpara, 1o yronx MAK pasen 45° (cm.
puc.8).

A 40
Puc. 8

PaccmoTpuM eniie HeCKOJIbKO JTIOOOTBITHBIX (DAKTOB, CBSI3aH-
HBIX C BHEBIINCAHHBIMU OKPY KHOCTSIMU. BepHyBIINCH K PUCYHKY
4, OTMETUM, YTO PABEHCTBO 4 MOKHO ObLIO MOJIYYUTb HE W3
1mo106us1 TPEYTOJbHUKOB, & M3 TOTO, YTO IMPHU TOMOTETHH C

AQ

nenrpom A n koadpunmentom k = T BHEBITNCAHHAS OKPYXK-

HOCTDb TI€PEXOJUT BO BIIMCAHHYIO. ITa Ke TOMOTETHSI TI03BOJISIET

3aMETHTDh Ba)KHOE yTBEp:KJEHHUe: 1ycTh TouKa F aumaMerpaabHO
MIPOTUBOIIOJNOXKHA TOYKe K
KacaHWs BINCAHHOH OKPYK-
HOCTU cO cTopoHoil BC
(puc.9). Torna mouxu A, F
u M nexam na o0Hot npsi-
MOTL.

[leiicTBUTEIBHO, 06PA3OM
KacareibHOII BC K BHEBIIU-
CaAaHHOW OKPY)KHOCTH TIPH
YKa3aHHON TOMOTETHW SB-
JsieTcs KacareabHast B’C’
K BIUCAHHOU OKPY’KHOCTH,
npuyem B’C’ || BC (cwM.
puc.9). Ilostomy o6pazom
TOYKH M SBJISIETCS TOUKaA
KacaHuss B’C’ U BIUCAHHON OKPY>KHOCTH, KOTOpas COBIIAJlaeT
¢ Toukoit F, nockosbky auamerp FK, neprienanky.sipuotii BC,
TepHeHnKyIapen Takxke n B'C” .

Puc. 9

Ynpaxuenne 7. Ha pucynke 9 nposejiem siyd AK, KOTOPbIil BTOPHYHO
HepeceveT BHEBIMCAHHYIO OKPY)KHOCTb B Touke E. [lokaskure, uTO
ME 1 BC.

3apmava 6. Joxaxume, umo cepeduna evblcomuvl mpeyzoioHu-
Ka, uenmp 6NUCAHHOU 6 HezZ0 OKPYKHOCMU U MOUKA KACAHUSL
CMOPOHDL, HA KOMOPYIO ONYUeHda 8bicOmd, ¢ COOMEECMCMEY0-
well BHeBNUCANHOU OKPYKHOCDIO JeKAM HA 00HOU NPAMOU.

Pemenne. Paccmorpum tpeyrompank ABC, B xotopom AH —
BbICOTa, Touka D — ee cepeanHa, Touku I m Q — IEHTPbI
BIMCaHHOH U BHeBnmcannoit (xkacaomeiicst cropoust BC) ok-
py»kHOCTell cooTBeTcTBeHHO, K
n M — TOYKM KacaHus 3TUX
OKpy:KHOCTEH co ctoponoit BC
(puc.10).

IIpoBenem KF — puamerp
BIIMCAHHO OKPY>KHOCTH, TOT/Ia
Ttoukn A, F u M Jexar Ha
ogHol mpsamoii. Tak Kak
KF || AH , t0 Menuana MD
Tpeyrosbunka AMH mpoxoanut
yepe3 cepeanHy otpeska KF,
T.€. CO/IePXKUT TOUKy [.

Yupaxuenus

8. Jlokaxute, 4TO B MPSIMO-
YTOJbHOM TPEYTOJAbHUKE II€HTP
BIUCAHHOI OKPY>KHOCTH, cepe-
JAMHa KaTeTa MW TOYKa KaCcaHudg

Puc. 10

‘ 34-53.p65 36

*

o

[T [T 1 ||
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JIPYroro Karera ¢ BHEBIIMCAHHON OKPY’KHOCTDBIO JIEJKAT HA OJHOII TIpsi-
MOI.

9. Jokaxure, yro Toukn D, K u Q (cm. puc.10) nexar na oanoii
TIPSIMOIA.

AP dekTHBHOCTD TIPUMEHEHNST HEKOTOPBIX U3 TIOJTYyYEHHBIX
paHee COOTHOIIEHWN MOKHO IOKa3aTh elle Ha OJHOM SIPKOM
npumepe. Mssecrno, uro ecau ¢ mpeyzorvnux ABC enucana
OKpYHKHOCIb, Kacalowasics ezo cmopon 6 mouxax A, B’
u C’, mo ompesxu AA’, BB’ u CC’ nepecexaromcs &
0onoti mouxe (HaspiBaemoit mouxot sKepzouna; puc.11,a).
[l ToKa3arebeTBa ATOrO YTBEPIKIEHUS JOCTATOYHO HCIIOJIb-
30Bathb TO, yT0 AB’ = AC’, BC'= BA’ u CA’ =CB’ . Torna
AB” CA” BC’ _ {
B'C A’'B CA ’
Ky/Ja 1o Teopeme UeBbl U
cJielyeT, 4To YKa3aHHbIE
OTPE3KHU TIEPECEKAIOTCST B
OJIHOIl TOYKe.

oT-

AHanornyHOe YTBEpPIK/IEHUE BEPHO U IS TOYEK KACAHUS
BHEBIUCAHHDBIX OKPYIKHOCTE CO CTOPOHAMHU TPEYTOJBHUKA, T.€.
ecau A”, B” u C” — mouxku Kacanus 6He8NUCAHHBIX OKPYK-
nocmei co cmoponamu mpeyzonvuxa ABC, mo ompesxu AA”
BB” u CC” nepecexaiomcs 6 o0noti mouxe (HasbiBaeMoii
mouxoti Hazeas;; puc.11,6).

[l TOrO YTOGBI CBECTH JIOKA3ATENIBCTBO ATOTO YTBEPIKIEHHS
K IpPEeAbIAYIIEMY, [OCTaTOYHO OISATh MUCIIOJIb30BATh TEOpeMy
UeBbl U JIOKA3aHHOE PABEHCTBO 3, 3aMEHSST B KAKIOM CJIydae
PACCTOSIHIE OT BEPIIMHBI 10 TOYKU KACAHUS CTOPOHBI U BHEBITH-
CAHHOU OKPY’KHOCTH Ha PABHOE €MY PACCTOSIHIE OT BEPIIIHBI 10
TOYKM KAaCaHMSI 3TOH CTOPOHBI M BIICAHHONH OKPY>KHOCTH.

[IpuBenenuslit npuMep WITIOCTPUPYET YACTO BCTPEUAIOIYIOCS
deoticmeennHocmy  YTBEPKIEHHI, KACAIONMXCS BIUCAHHOU U
BHEBIIMCAHHON OKPY KHOCTEH.

Yupaxnenue 10. [lonb3ysich 0603HaueHUAME PUCYHKA 3, JOKQXKUTE,
yto nipsimbie AM, BT u CP mnepeceKaioTcst B OJHOI TOUYKe.

BuesBnncannast OKpy»KHOCTD YaCTO «BCILIBIBAET» U MIPH U3yue-
Huu crepeomerpun. PaceMoTrpumM, HanpuMep, TpeyroabHuk ABC
1 TOYKY P, He JieKally1o B €ro MJI0CKOCTH U PABHOYIAJIEHHYIO OT
npsambix AB, BC u AC. Ilyctp Touka Q — opToronajbHas
npoekius Toukn P Ha miaockocts ABC. Kakyioo posib urpaer
Touka Q IO OTHOIIEHUIO K TpeyroibHuxky ABC?

U B stoM cayuae (Tak e, KaK ¥ B IJTAHUMETPUH) HEKOTOPBIE
TTKOJTbHUKA [TAl0T HEBEPHBIN OTBeT: «() — IEHTP OKPY’KHOCTH,
BIIMCAHHO} B TpeyroabHuK ABC».

Ha camoMm nesie, u3 ycsaoBus cjeayeT TOJbKO, YTO TOUKa Q
paBHOY/IaJIeHa OT IPAMBIX, COJIEPXKAIINX CTOPOHDBI TPEYTOJIbHI-
ka (110 TeopeMe 0 Tpex MepIeHANKY ISPax 1 MO CBOICTBY PaBHbBIX
HAKJIOHHBIX, TPOBEJICHHBIX K TJIOCKOCTH W3 OJHOW TOUKH).
[Toatomy Touka Q sBjsercs JuGO LEHTPOM OKPY)KHOCTH, BIIU-
canHoil B TpeyroyibHuk ABC, mnu6o 1MeHTPOM O/IHON U3 BHEBIIH-
CaHHDBIX OKPY’KHOCTei aToro TpeyrosbHuka (puc.12,a,6).

Yupaxknenus

11. [lns tpeyrosbHoil nupamujbl PABC JoKakuTe paBHOCHIBHOCTD
YTBEPIKIEHUIT a)—T):
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a) OproronanbHoii mpoekuueii Bepmmupl P mHa miockocts ABC
siBJIsieTcst 00 1EHTP OKPYSKHOCTH, BIMCAHHON B TpeyroubHuk ABC,
60 LEHTP OJ/[HOI M3 BHEBIIMCAHHBIX OKPY>KHOCTEIl 9TOrO TPEyroJib-
HUKA.

6) BbicoTbl GOKOBBIX Ipaeil, IpoBeJieHHbIe U3 BEePIINHbI P, PaBHbL

B) IliockocT GOKOBBIX IpaHell OANHAKOBO HAKJIOHEHBI K IIIOCKOCTH
OCHOBAHHUS.

r) ILnockoctu GOKOBBIX rpateil 06pasyloT OJMHAKOBbBIE YIJIbl C
BBICOTON MHUPAMU/IbI.

12. B ocHoBaHMM NUpPaMU/Ibl — HPABUJIBHBII TPEYTOJILHUK CO CTOPO-
Hoit 1. Kaskaas 6okoBasi rpaHb mupaMu/ibl 00pa3yer ¢ OCHOBaHHEM YroJl
60°. HaiiuTe BbICOTY MUPAMILIbI, €C/IH H3BECTHO, UTO €€ [IHHA GOJIblIe,
yem 0,5.

13. /loxkaskute, 94TO B TPEYTOJBHON MHUpaMuje, y KOTOPOHl GOKOBbIE
rpaHn 06Pa3ylOT OMHAKOBBIH yroa ¢ ¢ IUIOCKOCTBIO OCHOBaHWS,
IJI011a/1b  GOKOBOII MMOBEPXHOCTH MOYKHO BbIYHCINTD 1O (opMmyJie:

r
Seox = (EST¢, re p — HOJyHepUMETP OCHOBaHHSA, 7 — JUOO paJuyc
OKPY’KHOCTH, BIMCAaHHOWH B OCHOBaHWe, IGO0 PaiTyC BHEBIHCAHHOI
OKPY>KHOCTH.

B saksioueHue BbIpa3nM Ha/IeK/Ly, YTO PACCMOTPEHHDIE YTBEP-
JKIAEHHUs, (DAKTbl U COOTHOIIEHUS, a TakKe YIPaKHEHUS U
paso6paHHbIe 33/1a4H1, I03BOJISAT YUTATEJIIO YCIICIIHO CIIPABUTHCS
C IIUKJIOM 33/1a4, KOTOPbIE MbI ITpe/lJIaraeM /LI CaMOCTOSATEIbHO-
TO perieHus.

3apaum onsg caMoCTOSAITeNIbHOro pewieHua

1. Jlokaxure, 4TO TPEYTOJBHUK SIBJISETCS NPSIMOYTOJbHBIM TOTJA U
TOJIBKO TOT/IA, KOTJA:

a) pajiyc OJIHOI N3 BHEBIMCAHHBIX OKPYKHOCTEH paBeH MOJyTepH-
METPY TPEYroJIbHUKA;

6) IJIOIIA/Ib TPEYTOIbHIKA PABHA IIPOU3BECHUIO PA/MYCOB BIUCAH-
HOIl 1 O/THON M3 BHEBIHCAHHBIX OKPYXKHOCTEIT;

B) ILIOMA/b TPEYroJbHUKA paBHA NPOU3BEACHUIO JBYX PaJUyCOB
BHEBIIMCAHHDBIX OKPYKHOCTEH.

2. OTpes3ok, OTJIMYHBINA OT JAMArOHAJIM, pa3bMBaeT KBA/paT Ha JBa
MHOTOYTOJIbHHKA, B KQXK/BIN M3 KOTOPBIX BIICAaHA OKPY»KHOCTL. Haiinn-
Te JUIMHY 9TOTO OTPEe3Ka, eCJM PaJuyCbl OKPY’KHOCTell paBHBI R u r
(R >7).

3. IlocrpoiiTe TpeyrosbHUK MO YIJIy, BBICOTE, IIPOBEJAEHHON H3
BEPIIMHDI HTOTO YIJIA, U IEPUMETPY.

4. B tpeyronbuuke ABC muposenenbl Ouccexrpucot AD u BE.
Okasasoch, uto DE — 6uccexrpuca tpeyrosibuunka ADC. Haiiaure yron
BAC.

3. Yruibl, HpUJIesKalye K OJfHON U3 CTOPOH TPEYTOJbHUKA, PABHBI 15°
1 30°. Kakoii yrom oGpasyer ¢ aToil CTOpOHOIi NpoBefeHHAS K HEil
MeuaHa?

6. Touxka E na cropone AD kBagpata ABCD takosa, uto ZAEB = 60° .
Buccexrpuca yrima ABE, oTpa3uBuINCh OT CTOPOoHBI AD, mepecexaer
orpe3ok BE B Touke F. [lokaxxure, 4To TouKa F JIeKUT HA JUAroHAIN
KBaJ[pata.

7. Ha nosiocy HaJIOKIJIM KBA/IpaT, CTOPOHA KOTOPOTO PaBHA ITHPHHE
MOJIOCHI, TaK, YTO €r0 IPaHMIA IEPECEeKAET IPAHMIIBI TT0JIOCHI B YEThIPEX
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roukax. /lokaskure, 4To JiBe IPSIMbIE, IIPOXOJAIINE KPECT-HAKPECT Yepe3
3TU TOYKHU, HEPECeKaATCs MO YIJIOM 45°.

8. Jlan rpeyrosibuuk ABC. Ha nyuax AB u AC (Bie TpeyroJbHuka)
rnocTpoensl Toukn Ay n A, coorBercTBenHo Tak, yto BA; = CA, = BC.
Ay — Touka mepeceuenus orpeskoB BA, u CA;. [loxkaxkunte, 4To
npsMas, IpoxXoJAias uepes A, nepresjukyspHo npsamoit BC, conep-
SKUT 1EHTP BHEBIIMCAHHOI OKPYXXHOCTH TpeyroJbHuka ABC.

9. OKpPy’KHOCTD C IIEHTPOM D ITPOXONT Yepe3 BepuinHbl A, B 1 ieHTp
(Q BHEBIUCAHHOH OKpykHOCTH TpeyroJbHuKa ABC, kacamomueiics ero
cropoubt BC. [lokaxkure, uro touku A, B, C u D Jjexar Ha OHOI
OKPY’KHOCTH.

10. ABCD — napassenorpaM™m. BreBIHCaHHbIE OKPYKHOCTH Tpey-
rospHIKoB ABC n ACD xacatorcst ctopon BC u CD cOOTBETCTBEHHO.
Jlokaxkute, 4To TOUKN MX KacaHus ¢ npsmoit AC coBIajaior.

11. /lan napasienorpamm ABCD. BueBnucanHast OKPY>KHOCTb Tpe-
yroapauka ABD kacaercs nipogosskennit cropon AD u AB B Toukax M
un N. Jlokaxkute, 4To TOukn nepeceuenns orpeska MN co croponamu BC
n CD jnexar Ha BIIMCAHHOI OKPY>KHOCTU TpeyrosbHuka BCD.

12. ITocrpoiite yerpipexyroabuuk ABCD no asym croponam AB u AD
n AByM yriam B u D, ecam M3BeCTHO, YTO B HETO MOXKHO BIHCATD
OKPY>KHOCTb.

13. a) JlokakuTe, YTO NPOM3BEJEHUE PACCTOSHUI OT BEpHIMHbI
TPEYTOJIbHUKA /10 I[eHTPa BIMCAHHON OKPYKHOCTH U /[0 IIEHTPa COOTBET-
cTByIOIIEll 9TOI BepINHe BHEBINCAHHOI OKPYKHOCTH PABHO IIPOU3BE-
JICHUIO CTOPOH TPEYTOJIbHUKA, CXOASIINXCS B 3TOI BepIIMHE.

6) Yepes jiBe BepLIMHbI TPEYroJbHUKA U 1EHTDP BIMCAHHONR B HETO
OKPY’KHOCTH IIPOBe/leHa OKPY’KHOCTb. JlOKaXkuTe, 4TO OTPE30K Kaca-
TeJIbHOIl, TPOBEJEHHOI K 3TOI OKPY’KHOCTH 13 TPeTbell BEPIINHbI, eCTh
cpejiHee TeoMeTPHYEcKoe MEX/[y CTOPOHAMU TPEYTOJbHUKA, CXOJSIIHI-
MICSI B 3TOil BepIINHE.

14. OKpy>XHOCTD, BIINICAHHAS B IIPSIMOYTOJIBHBIN TPEYTOJbHUK, Kaca-
erca kateta BC u runorenysnl AB B Toukax P n (Q COOTBETCTBEHHO.
BHeBnucanuast OKpy»KHOCTb, Kacatomasicst karera BC, kxacaercs 1po-
noskenust katera AC B rouke T. [lokaskure, uto Touku P, Q u T jiexar
HA OJIHOU TPSIMOIL.

15. a) Yepes cepeanny D cropoubt BC tpeyrombhuka ABC u 1entp
I OKpy’KHOCTH, BIIMCAHHOI B 3TOT TPEyTOJBHUK, TPOBe/eHA MpsMasd,
nepecekatomas Boicory AH B touke E. [lokaxure, 4to orpe3ok AE
paBeH paJinyCy BIINCAHHON OKPY’KHOCTH.

6) Buccexrpuca yria A nepecekaer OKpy»KHOCTb, OIUCAHHYIO OKOJIO
tpeyrombanka ABC, B Touke W. OKpPY’KHOCTD, BIIMCAHHAS B TPEYTOJIb-
nuk ABC, xacaercs croponbl BC B Touke K, P — TOuKa nepecedeHns
npsmoit WK c Boicoroit AH. Jlokakute, uto oTrpe3ok HP paseH pajnycy
BIIMCAHHOI OKPY>KHOCTH.

16. a) Yepes cepeanny D croponnt BC tpeyroapuuka ABC u nentp
( BHEBIIMCAHHOI OKPY>KHOCTH, Kacakollleiicss 3TOi CTOPOHDI, IIPOBE/ICHA
npsivMas, repecekaonas Boicoty AH B Touke T. [lokaxxuTe, 4TO OTPE30K
AT paBen paanycy 3TOii BHEBINCAHHOI OKPYXXKHOCTH.

6) Buccexrpuca yria A nepecekaer OKpy’KHOCTb, ONUCAHHYIO OKOJIO
tpeyrosibiuka ABC, B touke W, M — TO4YKa KacaHWs BHEBIINCAHHOI
OKpPY’KHOCTH O ctopoHoit BC, Z — Touka nepecedenus npsmoit WM c
Boicotoit AH. [lokasknute, uTo OTpe3ok HZ paBeH pajuycy 3Toii
BHEBIINICAHHON OKPY>KHOCTH.

17. BueBnucanuast OKpy>KHOCTb TpeyrosbHuka ABC kacaercst ero
croponbl BC B Touke K, a mpoposokenusi croponbl AB — B Touke L.
Jlpyras BHeBINCAHHAS OKPYKHOCTD KacaeTcs MPO/I0/LKeHNi cTopoH AB
n AC B toukax M un N coorBerctBenHo. [Ipsmpie KL nw MN mepecexa-
orest B Touke X. Jlokaskure, yro CX — Guccexrpuca yriaa ACN.

18. PasnoGezpentbie tpeyroabunkn ABC u A’B’C’ nexar B napaJi-
JIETbHBIX  TIJTOCKOCTSAX. VI3BectHO, 4to Touka C’ paBHOyJasleHa oOT
BepumH Tpeyroibanka ABC, a kaxkaas us Touek B u C’ Haxoantcst
Ha TakoM ke paccrogHuu ot npsmbix AB, BC u AC. Haiiaure
OTHOIIIEHNUE TIJIOMA/ell JaHHBIX TPEyTOJbHUKOB.

(Mpogonxerne cm. Ha ¢. 45)
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Pemenue. HepaBeHncTBo UMeET 4ETBEPTYIO CTEMEHD, TTOITOMY
mpousBe/ienne abc MOYKET BXOIUTb B PA3JIOMKEHUE JIEBOU YaCTH
10 3JIEMEHTAPHBIM CHMMETPUYECKUM MHOTOYJIEHAM TOJIbKO B
nepsoit crerenn. Ecom ® xoaddurment npu abc orpuiaresien,
casunem rpadux Muorowrena [ (t) = (t —a)(t - b)(t - ¢) suus,
Tak, 4TOODI OH 3alENIJICS TOYKOI MakCHUMyMa 3a ocb abcruce. A
ecJin 3TOT KO PUIMEHT MOJIOKUTENEH, TO OYIeM CIIBUTATD ITOT
rpacduK BBepX /IO TeX IMOp, TOKA He MIPOU30UIET OJHO U3 JBYX
COOBITHIL: TpadUK 3alenUTCs 32 0Chb a0CIUCC TOUKOH MUHIMYyMa
WM O/IMH M3 KOpHeHl o6paTurcss B HOJb. B pesyibrate Mbl
noJyunm 6oJiee CHIIbHOE HEPABEHCTBO. 3HAYMT, NCXO/HOE Hepa-
BEHCTBO JIOCTATOYHO /IOKA3aTh B JBYX YACTHBIX CJIyYasX: KOTJA
JIBA M3 TPEX YHCEJ PABHBI, M KOTJA OJHO M3 YHCes 00paIaeTcst
B HOJID.

B cayuae b = c nonyunm a* — 4a*b? +ab?® (a+2b) > 0 . Passie-
auB Ha b' m o6osnaumB t = a/b, TMOJy4UM PaBHOCHJIbHOE
HepaBeHCTBO (ts -3t + 2) =2 0. Ono o6pamuaercst B HOJIb IIPU
t = 1, 3HAYUT, ECTECTBEHHO IIPEAIIOJIOKUTD, YTO t3 —-3t+2=

=(at+B)(t- 1)2 . CpasauBag crapume K03 HUIEHTbI 1 CBO-
60/IHbIE YJIeHDI cJIeBa U cripaBa, HaxouM o =1 u = 2 . Tenepn
HETPY/IHO IIPOBEPUTD, uTo ¢ — 3t +2 = (¢ + 2)(t — 1)2 . pu 1o-
JIOKUTEJIbHBIX ¢ 3TO BbIPasKEHUE HEOTPHUIIATEBbHO.

B ciyuae ¢ = 0 mokas3biBaeMoe HEPABEHCTBO OYEBUJIHO.

Yupaxnenus

12 (Mexaynaponnas omummmana, 1984 r.). Ilycts a, b, ¢ —
HeOTpUIlaTeIbHbIe JICHCTBUTEIbHbIE YMUCJIa TaKue, 4To a + b+c=1.
Mokaxure, uro 0 < ab + ac + be —2abe < 7/27 .

13 (M1834). /11 feficTBUTENBHBIX YHCE X, Y, Z JOKasKHTe HepaBeH-
creo x5 + y6 +254 3x2y222 > 2(Jc3y3 +2353 4 y323) .

14. Ilyctb x, y, z — TpPOU3BOJIbHBIE ACHCTBUTEJDbHbIE YHCIA, p =
=x+y+z qg=xy +xz+ yz, v = xyz. Jlokaxxure HePaBEHCTBO

) . .
3(3r-pq)” < 4(pZ - Zq)(Zqz - Spr) .

15. a) Iycrb @, b 1 ¢ — AIUHBI CTOPOH TPOU3BOJIBHOTO TPEYTOJIbHUKA.
Jlokaxkure, 4TO

a(b2+c2—a2)+b(a2+c2—b2)+c(a2+b2—c2)£3abc_

6) Ilycrs a,B,y — yrisl TpeyrosibHuKa. [[OKaKHTe HEPABEHCTBO
cos 0 + cosP + cosy < 3/2 .

16. Ilyctb 7,,7,,7, — pajiycbl BHEBINCAHHDBIX OKPYXKHOCTEIl HEKOTO-
pPOTO TPEYTOJIbHUKA, M, My, M, — JJUHBI ero Mmeaman. Jloxaskure
HEPAaBEHCTBO M, y,M, = Tyl .

8 Mue ne xouemes pasbupamvcs, Kaxou u3 08Yx cAyuaes ua camom
dene umeem mecmo. Ipowe pasobpams oba.

17. Ilyctp A =sinasinf +sinBsiny+sin asiny . /lokaxkure, 4to
a) A<9/4, ecan O,B,y — yribl IPOM3BOJIBHOTO TPEYTOJIbHUKA;
6) A > 1, eciu a,B,y — yrabl OCTPOYTrOJIHLHOTO TPEYTOJbHUKA;

1422
2

B) A< , ecan O,B,Y — yrJbl HEOCTPOYTOJHHOTO TPEYTOJIb-

HUKA.
18 (Mockosckas onumnuaza, 1997 r.). Ionoxuresnbuble uucia a, b,
¢ TakoBbI, uT0 abc = 1. Jlokaxxute, 4TO
1 1 1
+ + <1
1+a+b 1+a+c 1+b+c

19. Ilycrb » 1 R — pajiychbl BIIMCAHHOI U OIMCAHHOI OKpPY>KHOCTE(l
TPEeyroJbHUKa, p — €ro noJynepumerp. Jlokaskure HepaBeHCTBO
5R -7 >/3p. -

20. CymMa HOJIOXKUTEJIbHBIX YHCEJ X, ¥, Z PaBHA o [lokaskute, 4TO

cosx+cosy+cosz21+sinx+siny+sinz .

21. JleiicTBuTesbHBIE YHCIA X, Y, Z YAOBJIETBOPSIOT YCJOBUSAM
x+ty+z=0, 2+ y2 + 22 = 1. Haitture nanGoJipliee 3Hauenme CYMMBI
B+ 8.

22 (omummuaza CIIA, 2001 r.). HeorpuuatenbHble unucaa da, b, ¢
VIOBJETBOPAIOT YCAOBUIO a? + b® + ¢? + abc = 4 . Jlokaxkure, uto
0<ab+bc+ac—abc<2.

23 (M1364). lyctba +b+c=1, a20, b=20, ¢ >0. Tokaxure
HEPABEHCTBO

@+ 0%+ + abed = min{1,1+i}.
49 27

24. Ilyctp a, b, ¢ — HeorpuareabHble uyncia. /lokaknre, 4to
4/3
a' + b+ ' = 2(a’” + ¢ + b’?) + 3(abo) 520,

25. IIpaBuibhbiii Tpeyroibiunk ABC Brucan B OKPY/KHOCTb €/[HHIY-
Horo paamyca. Touka X JIeXXUT Ha 3TOIH OKPY’KHOCTH.

a) Kakoe HanGosblee 3HAUEHNE MOKET METh MTPOM3BEIEHHE PACCTO-
sunit AX-BX-CX?

6) Haiizinre Han6oibliee 1 HauMeHbIIee 3HAYCHUST cymmpbl AX + BX +
+ CX.

26 (Bcecotosnas ommmmmaza, 1980 r.). Tlycts aamHbI peGep mpsamo-
YrOJIBHOTO HapaJiieenunejia paBHbl d, b W ¢ CAaHTUMETPOB

(a<b<c),ap=4(a+b+c),s=2(ab+bc+ac)u d =a*+b*+c?

— COOTBETCTBEHHO €ro IepuMeTp, ILJIOMIQ/lb IOBEPXHOCTH W JJIMHA
auaronasu. Jlokaxkure, 4to

11 1 11 , 1
“|—p=d* =<5, | Zpfd*-=
d<3[4p 28] C>3(4p 28)

BHeBnncaHHas OKPYXXHOCTb

(Ha4ano cm. Ha ¢ 34)
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